Let CT n,k and CT * n,b be the classes of all n-vertex chemical trees with k segments and b branching vertices, respectively, where 3 ≤ k ≤ n − 1 and 1 ≤ b < n 2 − 1. The solution of the problem of finding trees from the class CT n,k or CT * n,b , with the minimum first Zagreb index or minimum second Zagreb index follows directly from the main results of [MATCH Commun. Math. Comput. Chem. 72 (2014) 825-834] or [MATCH Commun. Math. Comput. Chem. 74 (2015) 57-79]. In this paper, the chemical trees with the maximum first/second Zagreb index are characterized from each of the aforementioned graph classes.
Introduction
All the graphs discussed in this paper are simple and connected. Chemical compounds can be represented by graphs, known as chemical graphs, in which vertices correspond to atoms and edges represent the bonds of the considered chemical compound. Let G be a graph with vertex set V (G) and edge set E(G). If two vertices u and v of the graph G are adjacent, then the edge connecting them will be denoted by uv. The number of * Corresponding author vertices adjacent to the vertex u ∈ V (G) is its degree, and it will be denoted by d u (G). In a chemical graph, every vertex has degree at most 4. Let n i (T ) be the number of vertices of degree i in a graph G. Let N G (u) be the set of all those vertices of G that are adjacent to the vertex u ∈ V (G). A vertex of degree one is called a pendent vertex. A vertex of degree more than two is known as a branching vertex. A pendent vertex adjacent to a branching vertex is called a starlike pendent vertex. A graph with n vertices is called nvertex graph. When the graph under consideration is clear, we drop "G" from the graph theoretical notations -for example, we write d u , n i and N(u) instead of d u (G), n i (G) and N G (u), respectively. If V (G) = {v 1 , v 2 , ..., v n } then the sequence (d v 1 , d v 2 , ..., d vn ) is called the degree sequence of G and it is usually assumed that d v 1 ≥ d v 2 ≥ · · · ≥ d vn . Undefined terminology and notations from (chemical) graph theory can be found in books [7, 16, 22] .
In chemical graph theory, the graph invariants (that found some chemical applications in chemistry) are called topological indices. Long time ago, a pair of topological indices were appeared within the study of the dependence of total π-electron energy of molecular structures [14, 15] . Nowadays, the members of this pair are known as the first Zagreb index, which is denoted by M 1 , and the second Zagreb index, which is denoted by M 2 .
For a (molecular) graph G, these Zagreb indices are defined as These indices were given different names in the literature, such as the Zagreb Group indices [15] , the Zagreb group parameters [10] and the Zagreb indices [23] . The Zagreb indices attracted much interest from mathematical chemists and mathematicians, and as a result a plethora of their mathematical properties were reported -detail about the mathematical theory and applications of these indices can be found in the recent surveys [3, 4, 8, 9, 13] , recent papers [1, 2, 5, 11, 12, 17, 19-21, 24, 25] and related references listed therein.
Let P : u 0 u 1 u 2 · · · u r be a path of length r ≥ 2 in a graph. The vertices u 0 and u r are called end vertices of P . If r ≥ 3 then the vertices u 1 , u 2 , · · · , u r−1 are called internal vertices of P . A pendent path in a graph is a path in which one of the end vertices is pendent and the other is branching, and all the internal vertices (if exist) have degree 2.
An internal path in a graph is a path in which both the end vertices are branching and all the internal vertices (if exist) have degree 2. A segment of a tree T is a non-trivial path P ′ in T with the property that neither of the end vertices of P ′ has degree 2 and that all the internal vertices (if exist) of P ′ have degree 2.
Denote by CT n,k and CT * n,b the classes of all n-vertex chemical trees with k segments and b branching vertices, respectively, where 1 ≤ k ≤ n − 1 and 0 ≤ b ≤ n 2 − 1. The solution of the problem of finding trees from the class CT n,k or CT * n,b , with the minimal first Zagreb index or minimal second Zagreb index follows directly from the main results of [6] or [18] . The main purpose of the present paper is to solve the following chemical extremal graph theoretical problem. Clearly, the classes CT n,1 and CT * n,0 consist of only the path graph and the class CT n,2 is empty. It is mentioned in the papers [6, 18] that the n-vertex star graph is the unique tree with n−1 segments -however, this is not the case because every n-vertex tree containing no vertex of degree 2 has n − 1 segments. Also, if T ∈ CT * n, n 2 −1 then T consists of the vertices only of degrees 1 and 3, and hence
where n ≥ 4. Thus, we solve Problem 1 under the constraints 3 ≤ k ≤ n − 1 and 1 ≤ b < n 2 − 1. Moreover, if k = 3, 4, the solution of the problem of characterizing trees from the class CT n,k with the maximal first Zagreb index or maximal second Zagreb index follows directly from Theorem 1 of [18] or Theorem 3.1 of [6] , respectively. However, for the sake of completeness, we state our main results, concerning segments, with the condition 3 ≤ k ≤ n − 1 instead of 5 ≤ k ≤ n − 1.
Statements of the Main Results
This section is concerned with the statements of our main results, which give the solution of Problem 1. In order to state the first two of these results, we need the following elementary lemma. Proof. From the well known identities n = n 1 + n 2 + n 3 + n 4 (1) and
it follows that
By using (3) in the equation k = (n 1 + n 3 + n 4 ) − 1, we get
Now, by using the identity n 2 = n − k − 1 (see [18] for details) in (2), we have
By solving (3) and (5) for the unknowns n 1 and n 4 , we get
and
From (4), (6) and (7) , the desired results follow.
Let CT 0 (n, k), CT 1 (n, k) and CT 2 (n, k) be the subclasses of CT n,k consisting of the trees that contain no vertex of degree 3, contain one vertex of degree 3 and contain two vertices of degree 3, respectively. Then, by Lemma 1, every member of CT 0 (n, k),
respectively, and also that member has the degree sequence 
The equality holds if and only if CT
Let CT ′ 0 (n, k), CT ′ 1 (n, k) and CT ′ 2 (n, k) be the subclasses of CT 0 (n, k), CT 1 (n, k) and CT 2 (n, k), respectively, consisting of the trees that satisfy the following properties:
• every internal path (if exists) has length 1,
• if there is at least one starlike pendent vertex then there is no pendent path of length greater than 2,
• every vertex of degree 3 (if exists) does not have more than one branching neighbor,
• if there is a pendent neighbor of a vertex of degree 4 then there is no vertex of degree 3 having any neighbor of degree 2,
• if n 4 > 0 then the graph induced by the vertices of degree 4 is a tree.
if n < 10 and k = 5, 4n + 1 if n ≥ 10 and k = 5.
with equality if and only if CT
Since n 2 = n − k − 1 (see [18] for details), we remark that the solution of the problem of finding trees from the class of all n-vertex chemical trees having n 2 number of vertices of degree 2, with the maximal first Zagreb index or maximal second Zagreb index, follows from Theorem 1 or Theorem 2, respectively, where 0 ≤ n 2 ≤ n − 4.
For 1 ≤ b < n−2 3 and for n−2 3 ≤ b < n 2 − 1, denote by BT 1 (n, b) and by BT 2 (n, b) the subclasses of CT * n,b consisting of the trees with the degree sequences
respectively.
3 and the equality sign in the inequality
For 1 ≤ b < n−2 3 and for n−2 3 ≤ b < n 2 − 1, denote by BT ′ 1 (n, b) and by BT ′ 2 (n, b), the subclasses of BT 1 (n, b) and BT 2 (n, b), respectively, consisting of the trees that satisfy the following constraints:
• if there is a pendent vertex adjacent to a vertex of degree 4, then there is no adjacent vertices of degree 3,
• if there is a pendent vertex adjacent to a branching vertex, then there is no pendent path of length greater than 2,
• every vertex of degree 3 (if exists) has at most one neighbor of degree 4,
• n 4 > 0 and the graph induced by the vertices of degree 4 is a tree.
The equality holds if and only if
BT ∈ BT ′ 1 (n, b) for 1 ≤ b < n−2 3 , and BT ∈ BT ′ 2 (n, b) for n−2 3 ≤ b < n 2 − 1.
Proofs of Theorems 1 and 2
Let CT 1 max (respectively CT 2 max ) be the tree with the maximal first Zagreb index (respectively, second Zagreb index) among all the members of the class CT n,k where 3 ≤ k ≤ n − 1. In order to prove Theorems 1 and 2, we first establish some structural properties of the trees CT 1 max and CT 2 max .
Proof. We give a proof by contradiction. Suppose that the tree CT 1 max (respectively CT 2 max ) contains the vertices u, v and w of degree 3. We may assume that the vertex v lies on the u-w path. Let w 1 , w 2 be the neighbors of w that do not lie on the u-w path. Let T ′ be the tree obtained from CT 1 max (respectively CT 2 max ) by deleting the edges ww 1 ,ww 2 and adding the edges uw 1 ,vw 2 , then it is clear that T ′ ∈ CT n,k . Denote by d x the degree of a vertex x in CT 1 max (respectively in CT 2 max ). It can be easily checked that
which is a contradiction to the definition of CT 1 max . Next, we show that M 2 (CT 2 max ) − M 2 (T ′ ) < 0, which contradicts the definition of CT 2 max . Let w 3 be the unique neighbor of w that lies on the path u-w. By definition of M 2 , it holds that
The right hand side of (8) is negative due to the facts that x∈N (u) d x ≥ 4, y∈N (v) d y ≥ 5
and d w 3 ≤ 4. This completes the proof.
We can now prove Theorem 1.
Proof of Theorem 1. Recall that we have denoted by CT 1 max the tree attaining the maximal first Zagreb index among all the members of CT n,k . By Lemma 2, CT 1 max must have at most two vertices of degree 3 and hence by Lemma 1, we have
Now, bearing in mind the definitions (see Section 2) of CT 0 (n, k), CT 1 (n, k) and CT 2 (n, k),
we get the desired result.
In order to prove Theorem 2, we need to establish some further structural properties of the tree CT 2 max .
Lemma 3. For 3 ≤ k ≤ n − 1, the tree CT 2 max ∈ CT n,k does not contain any internal path of length greater than 1.
Proof. Assume, on the contrary, that there is an internal path v 0 v 1 · · · v r−1 v r of length at least 2 in CT 2 max where v 0 and v r are branching vertices and d v 1 = d v 2 = · · · = d v r−1 = 2. Let u be a pendent vertex adjacent to some vertex v ∈ V (CT 2 max ). The vertex v may or may not be coincident with either of the vertices v 0 and v r . If CT ′ is the tree obtained from CT 2 max as follows:
Whether the vertex v is coincident with either of the vertices v 0 and v r , or not, in both cases we have
The right hand side of (9) is negative because the function f defined by f (x, y) = 2(x + y) − xy − 4, with 3 ≤ x, y ≤ 4, is decreasing in both x and y, and hence we have
, which is a contradiction to the choice of CT 2 max .
Lemma 4. If the tree CT 2 max ∈ CT n,k contains a pendent vertex adjacent to a branching vertex, then CT 2 max does not contain a pendent path of length greater than 2 where 3 ≤ k ≤ n − 1.
Proof. Suppose, on the contrary, that v 1 v 2 · · · v r is a pendent path of length at least 3 and there is a pendent vertex u ∈ V (CT 2 max ) adjacent to some branching vertex v ∈ V (CT 2 max ), where v 1 is a pendent vertex and v r is a branching vertex (the vertex v r may coincides with the vertex v).
Certainly, the tree CT ′ belongs to the class CT n,k and from the fact
Lemma 5. If the tree CT 2 max ∈ CT n,k contains a pendent vertex adjacent to a vertex of degree 4 then CT 2 max does not contain any vertex of degree 3 adjacent to a vertex of degree 2 where 3 ≤ k ≤ n − 1.
Proof. Suppose, on the contrary, that v ∈ V (CT 2 max ) is a vertex of degree 3 adjacent to a vertex u of degree 2 and p ∈ V (CT 2 max ) is a pendent vertex adjacent to some vertex w of degree 4. Let t be the neighbor of u different from v. Because of Lemma 3, t must be different from w.
Lemma 6. If the tree CT 2 max ∈ CT n,k contains a vertex u of degree 3 then u does not have more than one branching neighbor where 3 ≤ k ≤ n − 1.
Proof. Suppose, on the contrary, that v and w are two branching neighbors of u. Let
r be the longest path containing u, v and w, where v i−1 = v, v i = u and v i+1 = w. By Lemma 2, P contains at most two vertices of degree 3 including u. If P has two vertices of degree 3 including u then, without loss of generality, we assume that d v j = 3 for some j, where 1 ≤ j ≤ i − 1. Thus, there exists some k with i + 1 ≤ k ≤ r − 1 such that v k has exactly one branching neighbor and d v k = 4. If
a contradiction to the definition of CT 2 max .
The next corollary follows directly from Lemmas 3 and 6.
Corollary 1. If the maximum degree of the tree CT 2 max ∈ CT n,k is 4 then the graph induced by the vertices of degree 4 of CT 2 max is a tree where 3 ≤ k ≤ n − 1.
Denote by x i,j (G) (or simply by x i,j ) the number of edges in a graph G connecting the vertices of degrees i and j. The following system of equations holds for any chemical tree T :
where j = 1, 2, 3, 4.
We are now in position to prove Theorem 2. ) and the congruence k ≡ 1 (mod 3) holds. Because of the assumption k ≥ 5, we have n 4 ≥ 1. By Corollary 1, it holds that
Subcase 1.1. The inequality n < 5k+7 3 holds.
From the inequality n < 5k+7 3 , we have n 1 > n 2 and thus (by Lemmas 3 and 4), it holds that
From (10), (11) and (12), it follows that
Hence
Subcase 1.2. n ≥ 5k+7 3 . In this subcase, it holds that n 1 ≤ n 2 and hence (by using Lemmas 3 and 4) we have
From (10), (11) and (13), it follows that ) and the congruence k ≡ 0 (mod 3) holds, which implies that k ≥ 6 (because of the assumption k ≥ 5). Thus, n 4 ≥ 1 and hence by Corollary 1, it holds that
Also, it holds that
By Lemmas 3 and 6, we have
We note that x 2,2 = 0 and x 1,4 = 0 if n 2 < 2n 4 + 2; x 2,2 = x 1,4 = 0 if n 2 = 2n 4 + 2;
x 1,4 = 0 and x 2,2 = 0 if n 2 > 2n 4 + 2. We discuss these three cases in the following. Subcase 2.1. n < 5k 3 + 1. The inequality n < 5k 3 + 1 implies that n 2 < 2n 4 + 2 and hence, it holds that x 2,2 = 0 (17) and x 1,4 = 0, and hence (by Lemma 5)
From (10), (14) , (15) , (16) , (17) and (18), it follows that x 2,4 = x 1,2 = n − k − 1, x 1,3 = 2,
and hence
Subcase 2.2. n = 5k 3 + 1. From n = 5k 3 + 1, it follows that n 2 = 2n 4 + 2 and hence we have
From (10), (14) , (15) , (16) and (19) , it follows that x 1,2 = n − k − 1, x 1,3 = 1, x 2,3 = 1,
Subcase 2.3. n > 5k 3 + 1. The inequality n > 5k 3 + 1 yields n 2 > 2n 4 + 2, which further implies that
and x 2,2 = 0, and hence (by Lemmas 3 and 4)
From (10), (14) , (15) , (16) , (20) and (21) ) and the congruence k ≡ 2 (mod 3) holds. If k = 5 then n 4 = 0, x 3,3 = 1 and hence
Next, in what follows, we assume k ≥ 8, which implies that n 4 ≥ 1. By Corollary 1, it holds that
By Lemmas 3 and 6, we have implies that n 2 ≤ 2n 4 and hence, it holds that
and x 1,4 = 0, and hence (by Lemma 5)
From (10), (22) , (23) , (24) and (25) , it follows that x 1,2 = x 2,4 = n − k − 1, x 1,3 = 4,
3 , it follows that 2n 4 + 1 ≤ n 2 ≤ 2n 4 + 3 and hence we have
From (10), (22) , (23) and (26), it follows that
and hence This completes the proof.
Proofs of Theorems 3 and 4
Let C ′ T 1 max (respectively C ′ T 2 max ) be the tree with the maximal M 1 (respectively, M 2 ) value among all members of CT * n,b for 1 ≤ b < n 2 − 1). We need to prove some lemmas first, to prove Theorems 3 and 4.
) contains some vertex/vertices of degree 2, then it does not contain any vertex of degree 3. That is, the tree C ′ T 1 max ∈ CT * n,b (respectively C ′ T 2 max ∈ CT * n,b ) does not contain the vertices of degrees 2 and 3 simultaneously.
Proof. On the contrary, we assume that the conclusion of the lemma is wrong and that the hypothesis of the lemma is true. Let z be a vertex of degree 3 in C ′ T 1 max (respectively C ′ T 2 max ). We take a vertex v of degree 2 with neighbors u and w such that d u ≥ 1 and d w ≥ 3. Let N(z) = {z 1 , z 2 , z 3 } where the vertices z 1 and z 2 do not lie on the unique v − z path (it is possible that the vertex z or z 3 is coincident with u or w, and if z = u or w then z 3 = v). If T ′ is the tree obtained from C ′ T 1 max (respectively C ′ T 2 max ) by deleting the edges z 1 z, z 2 z and adding the edges vz 1 , vz 2 , then it can be observed that T ′ ∈ CT * n,b , and that
which is a contradiction to the choice of C ′ T 1 max . Also, keeping in mind the facts d u ≥ 1, d z 1 ≥ 1, d z 2 ≥ 1, d w ≥ 3 and d z 3 ≤ 4, we get
which is again a contradiction to the definition of C ′ T 2 max .
For the tree C ′ T 1 max ∈ CT * n,b (respectively C ′ T 2 max ∈ CT * n,b ), the following statements hold: a) if n 2 > 0 then n 1 = 2b + 2, n 2 = n − 3b − 2, n 3 = 0 and n 4 = b; b) n 2 = 0 if and only if n 1 = n − b, n 3 = 3b − n + 2 and n 4 = n − 2b − 2.
Proof. a) We note that
Since n 2 > 0, by Lemma 7, it holds that
From Equations (1), (2), (29) and (30), it follows that n 1 = 2b + 2, n 2 = n − 3b − 2 and
b) If n 1 = n − b, n 3 = 3b − n + 2 and n 4 = n − 2b − 2 then Equation (1) yields n 2 = 0.
Conversely, suppose that n 2 = 0. Bearing in mind the assumption n 2 = 0 and by solving Equations (1), (2), (29), we get n 1 = n − b, n 3 = 3b − n + 2 and n 4 = n − 2b − 2.
Lemma 9. For the tree C ′ T 1 max ∈ CT * n,b (respectively C ′ T 2 max ∈ CT * n,b ), the inequality n 2 > 0 holds if and only if 1 ≤ b < n−2 3 where 1 ≤ b < n 2 − 1.
Proof. If n 2 > 0, then by using Lemma 8(a) we have n 2 = n − 3b − 2 and hence b < n−2 3 . Conversely, suppose that 1 ≤ b < n−2 3 , that is n ≥ 3b + 3 with b ≥ 1. We have to show that n 2 > 0 and we will prove it by induction on b. For b = 1, we have n ≥ 6 and the graph in this case is the starlike tree with maximum degree at most 4, and hence the result is true for b = 1. Assume that every chemical tree of order at least 3k + 3 with exactly k branching vertices contains at least one vertex of degree 2, where k ≥ 1. Let C ′ T 1 max (respectively C ′ T 2 max ) be the chemical tree of order n ≥ 3(k + 1) + 3 with exactly k + 1 branching vertices. We have to show that n 2 > 0. Contrarily, suppose that n 2 = 0.
By Lemma 8(b), n 4 = n − 2(k + 1) − 2 > 0 because n ≥ 3(k + 1) + 3.
We claim that x 1,4 = 0. If x 1,4 = 0 then the identity x 1,3 + x 1,4 = n 1 gives x 1,3 = n 1 and hence any branching vertex has at most two pendant neighbors, and thus it holds that n 1 ≤ 2(k + 1). Also, the inequality n ≥ 3(k + 1) + 3 implies that n 1 = n − (k + 1) ≥ 2(k + 1) + 3 (because of Lemma 8(b)), which is a contradiction to the inequality n 1 ≤ 2(k + 1). Thus, x 1,4 = 0. Now, let P : u 1 u 2 · · · u r−1 u r be the longest path in C ′ T 1 max (respectively C ′ T 2 max ). We note that u 2 and u r−1 are the branching vertices and that every neighbor, not lying on the path P , of either of these two vertices is pendent. If d u 2 = 4 then let T ′ be the graph obtained from C ′ T 1 max (respectively C ′ T 2 max ) by removing all the pendent neighbors of u 2 and if d u 2 = 3 then let T ′ be the graph obtained from C ′ T 1 max (respectively C ′ T 2 max ) by removing all the pendent neighbors of u 2 and removing a pendent neighbor of a vertex of degree 4. Clearly, the tree has order at least 3k + 3 and exactly k branching vertices.
Hence, by induction hypothesis T ′ contains at least one vertex of degree 2. Thus, the tree C ′ T 1 max (respectively C ′ T 2 max ) has also at least one vertex of degree 2. This completes the induction and hence the proof.
